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ABSTRACT. The negligibility theorems of infinite-dimensional topology have finite-
dimensional analogues. The role of the Hilbert cube I° is played by euclidean n-space E",
and for any nonnegative integer k < n, k-dimensional dense E-subsets of E" exist which
play the role of the pseudo-boundary of I“. Their complements are (n — k — 1)-dimension-
al dense G, pseudo-interiors of E”. Two kinds of k-dimensional pseudo-boundaries are
constructed, one from universal compacta, the other from polyhedra. All the constructions
extend to topological manifolds.

1. Introduction. In this paper we use the methods of infinite-dimensional
topology to derive new information about the point-set topology of euclidean
spaces and topological manifolds. We hope that this new information will turn
out to be useful, but we also hope that by presenting infinite-dimensional ideas
in a familiar finite-dimensional context, we will make them more accessible.

The idea is to partition euclidean n-space E” into a k-dimensional pseudo-
boundary (-1 < k < n)and an (n — k — 1)-dimensional pseudo-interior, and to
derive negligibility theorems analogous to those of infinite-dimensional topology.

We now give five typical theorems and point out some analogies. First, a
definition: A subset X of a metric space Y (whose metric is d) is strongly negligible
in Y if for each open set U in Y and each continuous function &: U — R, there
is a homeomorphism h: Y - Y — (X N U) such that h fixes Y — U and
d(x,h(x)) < &(x) for each x € U. Note: Strong negligibility is a topological
property independent of the metric d.

Theorem 1.1. Let k and n be integers with 0 < k < n. E" is the union of two
disjoint dense subsets B* (of dimension k) and P"*~! (of dimension n — k — 1) such
that

(1) if n < 2k + 1, then any o-compact subset of P**~! is strongly negligible in
P+ and

(2) if n > 2k + 1, then any compact subset of B is strongly negligible in B*.

Theorem 1.2. Let k > 0 be an integer. E**! is the union of two disjoint dense k-
dimensional subsets P* and B* such that
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(1) any o-compact subset of P* is strongly negligible in P¥,
(2) any compact subset of B* is strongly negligible in B*, and
(3) any compact metric space of dimension < k can be embedded in B* or in P*,

The analogy with the infinite-dimensional case is best understood by reading
Theorem 1.2 with I replacing E%**1, k being infinite. Then B and P can be taken
to be the usual pseudo-boundary and pseudo-interior, respectively, of I“.

The space B* of 1.1 and 1.2 is the universal k-dimensional pseudo-boundary of
E", which is defined and studied in §3.

Another kind of k-dimensional pseudo-boundary of E” can be built out of k-
dimensional polyhedra. It is easily described: Let J, be a rectilinear PL
triangulation of E” all of whose n-simplexes have the same diameter. For each
integer i > 1, let J; be the ith barycentric subdivision of J; and let J* be the k-
skeleton of J. The polyhedral k-dimensional pseudo-boundary of E" is B
= UZ,|J*]. The corresponding (n — k — 1)-dimensional pseudo-interior is
Prk-l = En — Bk

In the theorems which follow, as in the paper generally, a space X is a
polyhedron if there is a countable locally finite simplicial complex K such that X
is homeomorphic to |K|; a subpolyhedron of E" is the body of such a complex
when linearly embedded as a closed subset in E”; a polyhedron in E” is tame if
there is a homeomorphism 4 of E” such that A(X) is a subpolyhedron of E".

Here are some theorems which illustrate the properties of the polyhedral
pseudo-boundaries.

Theorem 1.3. Let k and n be integers, —1 < k < n.

(1) Any subpolyhedron of E" whose dimension < n — k — 1 can be.embedded in
B ¥ 50 as to be tame in E".

(2) If n < 2k + 1 and n # 4, then the countable union of polyhedra, each tame
in E" and lying in B**7\, is strongly negligible in B+,

(3)Ifn > 2k + 1 and n # 4, then any compact subset of BX is strongly negligible
in Bk,

Theorem 1.4. Let k and n be integers, =1 < k < n—-3,k # 1,n # 4. The
countable union of compact (topological) polyhedra of dimension < k in Br*-1 js
strongly negligible in B"*-1,

Theorem 1.5. Let k > 0 be an integer.

(1) If k # 1, then the countable union of compact (topological) polyhedra in P},
is strongly negligible in P}, ,.

(2) Any compact subset of B%,., is strongly negligible in B, ,,.

(3) Any compact polyhedron of dimension < k can be embedded in B ., or in
Pl

Again, a close analogy with the infinite-dimensional case is discovered by
reading Theorem 1.5 with I replacing E%**!, k being infinite. But since this
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requires some knowledge of Anderson’s f.d. cap sets, we postpone further
discussion of the analogy until the introduction to §4.

Theorems 1.1 through 1.5 are not our only negligibility theorems. For example,
in Theorem 3.20 we completely characterize the strongly negligible subsets of the
universal pseudo-interiors of E” by an elementary homotopy condition analo-
gous to Anderson’s Property Z. In Theorem 3.24 we do something similar in the
pseudo-boundary.

The methods used in this paper have many sources in the literature. We have
chosen to discuss these in the introductions to §§2, 3, and 4 rather than here. The
ideas from infinite-dimensional topology are all in §2. These are applied to E” in
§3 and §4. The extension to topological manifolds is in §5. Theorems 1.1 and 1.2
are proved at the end of §3. Theorems 1.3, 1.4, and 1.5 are proved at the end of
§4.

This paper contains the proofs of all theorems claimed in [16].

Added in proof. A further analogy between the finite-dimensional and infinite-
dimensional pseudo-interiors is given in [33].

Notation and terminology. R denotes the real numbers, R* the positive real
numbers. E” is the n-fold product of R. All metrics are denoted by d. In part B
of §3, E” carries the maximum metric; elsewhere the choice of complete metric
on E" is immaterial. A continuous function is called a map. The identity map of
Y is denoted by 1y or simply 1. The restriction of a map f to a subset X of its
domain is denoted by f | X. Y is o -compact if it is the countable union of compact
spaces. A compactum is a compact metric space. The terms strongly negligible,
polyhedron, subpolyhedron, and tame have already been defined. Unless otherwise
stated, an open subset of E" carries the PL structure inherited from the standard
PL structure of E”.

2. Pseudo-boundaries and pseudo-interiors in complete metric spaces. In this
section we give a short account of the basic point-set topology which underlies
the negligibility theory of infinite-dimensional manifolds. Our context is: given a
complete metric space Y, when can Y be partitioned into a set B (analogous to
the pseudo-boundary of the Hilbert cube I“) and a set P (analogous to the
pseudo-interior of 7*) so that “tame” subsets of B or P are negligible? And wht
constitutes a family of “tame™ sets? We begin with a short history, no knowledge
of which is needed in order to understand the section.

The first attempts to axiomatize such ideas occurred simultaneously in R.D.
Anderson’s paper [2] and in Bessaga-Pelczynski’s paper [4]. Their aim was the
classification up to homeomorphism of certain kinds of incomplete metrizable
linear spaces. Anderson’s (f.d.) cap sets and Bessaga-Pelczynski’s homogeneous
collections and skeletons give rise to special cases of what we call a “pseudo-
boundary.”

The next generalization was to study the case where Y is a Hilbert manifold
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(or Hilbert cube manifold) and the pseudo-boundaries are dense submanifolds
modelled on incomplete linear spaces. This was done by West [32] (whose results
were applied by Henderson-West in [18]) and by Chapman [12], [13], [14].

That an arbitrary complete metric space (rather than an infinite-dimensional
manifold) is the correct setting, was recognized simultaneously in the paper of
West [32] mentioned above, and in Torufczyk’s paper [31]. In fact, we must
acknowledge that many of the theorems in this section are implicitly present in
those papers. Nevertheless, we have felt it necessary to include the section for a
number of reasons. Our definition of pseudo-boundary corresponds to West’s
and is different from Torunczyk’s: the difference is unimportant in the usual
infinite-dimensional applications but is critical in E”. Yet we cannot simply quote
West because he only proves the basic uniqueness theorem (2.5 in this paper),
while we want the negligibility theorems. Again, even allowing for the different
definitions, Toruficzyk uses more axioms than are necessary in proving his
negligibility theorems.

The ideas in this chapter are quite elementary. The main theorems are 2.5, 2.8,
2.13, and 2.16. Lemma 2.21 will also be useful in the subsequent sections.

Throughout §2, Y will be a complete metric space with metric d.

A. Pseudo-boundaries and the axioms. Let H(Y) be the set of homeomorphisms
of the complete metric space Y. If U is an open subset of Y, & U — R* is a map,
and f € H(Y), let

Vo(£,6) = (h € HY)|d(f(»),h(»)) + d(f (0 h7H () < e(y)
foreachy € Y,andh | Y- U=f|Y - U}.

Lemma 2.1. Let U be an open subset of Y, let &2 U — (0, 1] be a map, and let { f;}
be a sequence of homeomorphisms of Y such that f,,, € V,(fi,¢/2’) for eachi > 1.
Then f = lim,_, . f; exists and lies in Vy(f;,€).

Proof. { f;} and { 7!} are uniformly cauchy.

A subset X of Y is said to be thin in Y if for each open subset U of Y containing
X, and each map e: U — R*, there exists & € V;(1,¢) such that i(X) N X = .

Now let § be some collection of subsets of Y. Let S, [resp. S,,] be the
collection of all finite [resp. countable] unions of closed subsets of elements of &.

A subset B of Y is called a pseudo-boundary for S in Y if B € §,, and the
following absorption property holds:

(») for each S € §, each open set U in Y, and each map e: U — R", there
exists h € ¥y(1,¢) such that (S N U) C B.

If B is a pseudo-boundary for § in Y, then P = Y — B is called a pseudo-
interior for S in Y.

At various times we will assume that $ satisfies one or more of three axioms
which we now state:

Axiom 1 (closed). Each element of S is closed in Y.
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Axiom 2 (invariant). If S € Sand h € H(Y), then A(S) € S.
Axiom 3 (thin). Each element of §, is thin in Y.

Lemma 2.2. Let U be an open subset of Y, let e U —> R* be a map, and let
8 € H(Y). Then there exists a map 8: g(U) = R* such that fg € V,(g,¢) and
g ' fg € Vy(1,¢) whenever f € ¥ ;)(1,9).

Proof. Tedious, elementary, left to reader.

Two remarks follow immediately from 2.2.

Remark 23. If § satisfies Axiom 2, then the absorption property (*) is
equivalent to

(##) for each subset S of an element S, each open subset U of Y, each map
e: U— R*, and each g € H(Y), there exists & € ¥;(g,¢) such that A(S N U)
C B.

Remark 24. If § satisfies Axiom 2, B is a pseudo-boundary for § in Y, and
g € H(Y), then g(B) is a pseudo-boundary for $ in Y.

B. Uniqueness of pseudo-boundaries. We prove here that whenever $ satisfies
Axioms 1 and 2, pseudo-boundaries for § in Y are unique up to homeomorphism
of Y.

Theorem 2.5 [32]. Let S satisfy Axioms 1 and 2. If B and B' are pseudo-
boundaries for & in Y, then there exists f€ H(Y) such that f(B)=B'". In fact, if U
is an open subset of Y and e:U— R% is a map, then there exists f€ Vy(l,e
such that fBNU)=B'NU.

Proof. Let B = UR,S; and B = U2, S} where each S; and S; are closed
subsets of elements of &. Assume S, = S} = . We construct a sequence { f;};»,
in H(Y) such that

(D) £ = 1and £,y € Vy(f,,¢/2),

@ f(S;nU)c B and S; N U C f(B), and

B fimn=fionSU---USUSFfISTU---U S} foreachi > 1.

Then f = lim,,, f; is the desired homeomorphism. Set f; = 1 and assume that
Jfis +..5 f; have been chosen. Let

U=U-(S,U+-US US| U= US)).

Since § satisfies Axiom 1, U is open in Y. Now (Axiom 2 is used here!)
apply (*#) to Sy, U’, ¢/2*, f, and B’ to obtain h € ¥,.(f,e/2*!) such that
h(S;+y N U’) C B'. Note that h € V,(f,,e/2"*'), h=f on S U --- U S,
Uf(STU---US)), and A(S;;; N U) C B'. Next let U” = U — (h(S;4,)
USiU:--US;Uf(SU---US)) and apply (**) to Si,,, U”, &/2i*),
k7', and B to obtain g € ¥-(h~,&/2*!) such that g(S},, N U”) C B. Then
g € Wyh,e/2),g = h'onh(S;,)) U S{U --- U SjU f(S U -+ U §),
and g(Si,; N U) C B.Then f,,, = g~'is the homeomorphism which completes
the induction.

2.2 and 2.5 give
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Corollary 2.6. Let S satisfy Axioms 1 and 2 and let B and B’ be pseudo-boundaries
for S in Y. If U is an open subset of Y, e: U — R* is a map, and g € H(Y), then
there exists f € V;(g,¢) such that f(B N U) = B’ n g(U).

C. Negligibility from the pseudo-interior. Whenever B is a pseudo-boundary for
SinYand T € §,,, then B U T is also a pseudo-boundary for S in Y. This and
Theorem 2.5 imply

Corollary 2.7. Let S satisfy Axioms 1 and 2 and let P be a pseudo-interior for & in
Y.IfT € §,,, Uis an open subset of Y, and e: U — R* is a map, then there exists
a homeomorphism f € V,(1,¢) such that f(P N U) = (P—-T) N U.

In our next corollary, we use the fact that for any subset 4 of a metric space
B, and for any map & 4 — R*, there exists a map §: B — [0, 00) such that
0 < 8(x) < &(x) for each x € A. We leave the proof of this elementary fact to
the reader.

Corollary 2.8. Let S satisfy Axioms 1 and 2 and let P be a pseudo-interior for S in
Y.IfT € §,,, then P N T is strongly negligible in P.

Proof. Let U be open in P, let e: U — R* be a map, and let U” be open in Y
with U’ N P = U. Then there is a mapping §: ¥ — [0, o0) such that 0 < 8(x)
< ¢&(x) for each x € U. Now W = §~!(R*) N U’ is an open subset of ¥ and
8| W: W —> R* is a map and hence, by Corollary 2.7, there exists a homeomor-
phism f € ¥,(1,8) such that f(P N W) = (P—T) N W. Then d(x,f(x))
< 8(x) < e(x) foreach x € U, ffixes Y — U,and f(P) =P - (PN TN U).

D. Negligibility from the pseudo-boundary. We prove here that elements of S,
are negligible in the pseudo-boundary provided Axiom 3 holds.

Lemma 2.9. Let S satisfy Axiom 3 and let S, T € S,. If U is an open subset of
Y containing S N T and e: U — R* is a map, then there exists h € Vy(1,¢) such
that (S)N T = @.

Proof. Define §: Y — [0,0) by 8(x) = id(x,Y — U) and let R = {x € S|
d(x,T) <8x)} U {x € T|d(x,S) < 8(x)}. Then R € §, and hence is thin
in Y since $ satisfies Axiom 3. Now U is open in Y and contains R and
v: U > R*, defined by y(x) = min{8(x),e(x)} for each x € U, is a map.
Therefore there exists # € ¥(1,7) such that A(R) N R = &. Then h € Vy(1,¢)
and A(S) N T = . A useful fact to recall here is that d(x,h(x)) < &(x) and
d(h71(h(x)), h(x)) = d(x, h(x)) < 8(h(x)) for all x in U.

2.2 and 2.9 give

Corollary 2.10. Let $ satisfy Axioms 2 and 3 and let S, T € §,. Let U be open
in Y, let &2 U— R* be a map, and let g € H(Y) be such that g(S)NT C g(U).
Then there exists h € V(g,¢) such that (S) N T = &.

Lemma 2.11. Let $ satisfy Axioms 1,2, and 3, let S, T € &, let U be open in
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Y, and let e: U — R* be a map. Then there exists f € V;(1,¢) such that f(S N U)
NT=gd.

Proof. Let S = UZ2;S;and T = U2 ,7 where §; C S, C --- and T C T,
C---,andeach T}, S; € §,. We assume that S; = Ty = . For each i > 1, set
Si={x €S8 |dx,Y-U)>1/i} and T;={x € T|d(x,Y - U) > Vi}.
Then SN U= UR,S;and TN U= U, T, We will construct a sequence
{f}i>1 of homeomorphisms of Y and a sequence {§;},, of maps from U to R*
such that

M AES) N T =g,

(2) 8,(x) = d(f:(x),T) for each x € S’, and

(3)fi = land f,, € V,(f,y,/2') where y; = min{§,,...,8;,¢} foreachi > 1.
Then f = lim,,, f; is the desired homeomorphism, for the conditions imply that
f; moves S’ off T; and then S is never again allowed to move far enough to hit 77,

Let fi = 1 and let §, be any map. By induction assume that f,, ..., f; and
8o, ..., 8;_; have been chosen. If S # &, define §;: S; = R* by §;(x) = d(f(x),
T;) and, using Axiom 1, extend §; to a map: U — R*. Choose §; arbitrarily if
S = &. Then apply Corollary 2.10 to S/,;, T}s, v:/2', U, and f; to obtain
fir1 € W(f,vi/2') such that £,,(S/,;) N T}, = &. This completes the induc-
tion.

Lemma 2.11 will not be needed in its full strength until Theorem 2.15, but the
special case S, T € §, will be of use immediately.

Theorem 2.12. Let S satisfy Axioms 1, 2, and 3 and let B be a pseudo-boundary
forSin Y. If T € §,, then B — T is a pseudo-boundary for S in Y. Thus if U is an
open subset of Y and e: U —> R* is a map, then there exists a homeomorphism
f€ w(,e)such that f(BN U)=(B~-T) N U.

Proof. Clearly B — T € §,,. To prove that () holds, let S € §, let U be open
in Y, and let &2 U — R* be a map. By Lemma 2.11, there exists f € ¥,(1,¢/2)
such that f(SN U)N T=. Let §: U—> R* be a map such that &(x)
= d(f(x), T) for each x € § N U and let y = min{,¢/2}. Since B satisfies
(++), there exists h € V;(f,y) such that A(S N U) C B. But then A(S N U)
C B—Tand h € V(1,e). The second part of the theorem follows from 2.5.

Corollary 2.13. Let § satisfy Axioms 1, 2, and 3 and let B be a pseudo-boundary
forSinY. If T € &, then B N T is strongly negligible in B.

Proof. The proof is similar to that of 2.8.

E. The maximal family generated by . Suppose we start with an arbitrary subset
B of Y. Is B a pseudo-boundary for some family S ? The answer is, of course,
yes. One need only use the absorption property (*) to define the family S.
However, the pseudo-boundary B might not be very interesting since S may not
satisfy the axioms. We now consider what conditions on B yield a family §
satisfying the axioms. Using 2.2, the reader can easily prove
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Lemma 2.14. Let B be a subset of Y and let S be the family of subsets S of Y such
that whenever U is open in Y and e: U — R* is a map, there exists h € V(1,¢) such
that (S N U) C B.

(1) If for each U open in Y, each g € H(Y), and each map €: g(U) — R*, there
exists h € V,\(1,¢) such that g(B N U) = k(B N g(U)), then S satisfies Axiom
2.

(2) If each subset of B is thin in Y, then S satisfies Axiom 3.

Now let S be a family of closed subsets of Y and suppose we know that there
exists a pseudo-boundary B for § in Y. We want to enlarge § in order that the
negligibility theorems can be applied to as large a family of sets as possible.
Accordingly, let S denote the collection of all closed subsets S of Y such that for
each open set U in Y and each map &: U — R*, there exists # € ¥(1,¢) such
that /(S N U) C B. We call § the maximal family generated by S, because when
S satisfies Axioms 1 and 2, $ does not depend on the particular pseudo-boundary
B (by 2.5).

Theorem 2.15. Let B be a pseudo-boundary for § in Y. If § satisfies Axioms 1 and
2, then so does S ; and if S also satisfies Axiom 3, then so does S. Moreover, B is a
pseudo-boundary for S in Y.

Proof. S satisfies Axiom 1 by definition. If S satisfies Axioms 1 and 2, then 2.4
and 2.5 together imply that condition (1) of Lemma 2.14 holds. Hence $ satisfies
Axiom 2. If § satisfies Axioms 1, 2, and 3, then 2.11 implies that condition (2) of
Lemma 2.14 holds and hence that $ satisfies Axiom 3.

Since B is a pseudo-boundary for S in Y, the negligibility results 2.8 and 2.13
are true for the family 5. In particular, we have

Corollary 2.16. Let § satisfy Axioms 1, 2, and 3 and let B be a pseudo-boundary
for S in Y. If T is a closed subset of Y which is contained in B, then T is strongly
negligible in B. Thus any compact subset of B is strongly negligible in B.

Proof. T € 5.

F. Additional limitations on Y. We examine here the pseudo-boundary struc-
tures when Y satisfies additional topological properties, e.g., o-compact or
separable. This will greatly simplify our application of these results to euclidean
spaces.

For a family § of subsets of Y, let S, denote those elements of S which are
compact.

Lemma 2.17. Let Y be o-compact and let S satisfy Axioms 1 and 2. If B is a
pseudo-boundary for S, in Y, then B is also a pseudo-boundary for & in Y.

Proof. Clearly S, satisfies Axioms 1 and 2 and B € §,,. If § € §, then
S € (5.)+ and hence 2.7 implies that absorption holds.

Lemma 2.18. Let Y be o-compact and let $ satisfy Axioms 1 and 2. If S, satisfies
Axiom 3, then so does S.
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Proof. Since §, satisfies Axioms 1, 2, and 3, Lemma 2.11 implies that any
S €5 C(S),,is thinin Y.

Lemma 2.19. A compact subset X of a metric space Y is thin in Y if and only if
Jor each open set U in Y containing X and each positive real number e, there exists
a homeomorphism h € H(Y) such that (X) N X = &, h fixes Y — U, and
d(x,h(x)) < e for each x € U.

Proof. Elementary.

We now show that for separable metric spaces the absorption property takes
on a particularly nice form. For this we will need the following lemma on star-
finite open covers. It is proved, though not fully stated, as Theorem 2 of [3].

Lemma 2.20. Let X be a topological space and % a countable star-finite open cover
of X. Then there exists an ordering Wy, W,, . .. of the elements of ° and a sequence
{n(i)}i>1 of positive integers with the following property: given any sequence {h;};>
of homeomorphisms of X such that h; | X — W; = 1, there is a homeomorphism h of
X such that h agrees with hy - - - hyon W, for all k > n(i).

Lemma 2.21. Let Y be separable and let § satisfy Axiom 2. Then B € S, is a
pseudo-boundary for S in Y if and only if for each S € §, each open set U in Y, and
each € > 0, there exists a homeomorphism h € H(Y) such that h fixes Y — U,
h(S N U) C B, and d(x,h(x)) < e for each x € U.

Proof. Let U be open in Y and let & U — R* be a map. For each i > 1, let
U; = ¢7'((1/i, 0)). Then {U};», is an open cover of the separable metric space
U and hence has a countable star-finite refinement Uf. Let W, W,, ... be an
ordering of the elements of 9 and let {n(i)};>, be a sequence of positive integers
having the property stated in Lemma 2.20. For each i > 1, let ¢; be a positive real
number such that ¢; < inf{e(x) | x € W} and let

5 — min{e, . ..,&}
i 2max{n(1),...,nG)}

Using the hypotheses, it is easy to construct a sequence {#,},», of homeomor-
-phisms of Y such that

(l)hil Y-W =1,

(2) d(x,h;(x)) < §; for each x € W, and

B) (S N W) C Band b (h(S) N W,,,) C Bforeachi > 1 (note that (3)
uses Axiom 2). By Lemma 2.20, there exists h € H(Y) such that h| W,
= Ruy*++h | W. Then h € V;(1,¢) and A(S N U) C B. This proves the “if”
part of the theorem. The “only if” part is obvious.

3. The universal pseudo-boundaries in E”, For each integer k, —1 < k < n, we
will define the universal k-dimensional pseudo-boundary of E”. The appropriate
family of sets, denoted abstractly by § in §2, will be the family 9% of strong
Z,_y—-sets: they are defined and discussed in part A. Strong Z,_,_,-sets are the



150 ROSS GEOGHEGAN AND R. R. SUMMERHILL

“tame” sets of dimension < k in E”: every k-dimensional subpolyhedron of E”
is a strong Z, , ,-set, and, if Kk < n—3 and n # 4, every k-dimensional
compactum in E” whose complement is 1-ULC is a strong Z,_,_,-set. In part A
we show that Ok satisfies Axioms 1 and 2 of §2, and also Axiom 3ifn > 2k + 1.
The verification of Axiom 2 depends primarily on engulfing theorems of Bryant
[9] and [10], or alternatively of Stan’ko [29]. For certain values of n and & (usually
low) we use Bing-Kister [6], McMillan [24], Gluck [17], and Bing [5].

In part B we define and establish the pseudo-boundaries. These are built out
of universal k-dimensional compacta in E” ([26], [30]). This motivates the name
although we never use the fact, established only recently by Stan’ko [30], that
they are universal. Our main source in part B is Bothe’s paper [7]. For technical
reasons we must develop his method from scratch, so the reader need not be
familiar with [7].

In part C we apply §2 to obtain many negligibility theorems. The section ends
with formal proofs of Theorems 1.1 and 1.2.

A. Strong Z,_,_, -sets. A closed subset X of a topological space Y is a Z,-set
(m an integer > 0) if for every nonempty m-connected open set Uin ¥, U — X
is nonempty and m-connected (compare with the definition of Z-set [1]). If Y is
a metric space and ¢ > 0, we denote the set of points whose distance from X is
less than e by N(X, €). An e-push h of the pair (Y, X) is a homeomorphism 4 of Y
for which an e-isotopy H of Y exists satisfying: Hy =1, H, = h, and H,
| Y — N(X,e) = 1 for each ¢ € [0, 1]. A closed subset X of E" is a strong Z,, -set
(m an integer, —1 < m < n) if for each compact subpolyhedron P of E" having
dimension < m + 1, and each ¢ > 0, there exists an e-push 4 of (E",X N P)
such that A(X) N P = &.

Throughout §3, k and n will be integers, n > 0, —1 < k < n, and Ok will be
the family of all strong Z,_,_,-sets in E". We will build a pseudo-boundary for
Ok in E". The family 9k satisfies Axiom 1 of §2 (“closed”) by definition. Our
first task (3.5) is to show that Axiom 2 of §2 (“invariant”) is also satisfied.

We first discussed the property strong Z,, in our paper [15]. There we used a
slightly different definition: specifically, # was an e-push of (E",X) rather than
of (E",X N P). With this alteration we will call X a strong Z, -set. In fact, the
two definitions are equivalent (see 3.4), but the new one is more convenient to
work with.

Proposition 3.1. Let X be a closed subset of E".

(1) If X is a strong Z,_;_, -set, then dim X < k;

Qifk =n—1anddim X < k, then X is a strong Z,_,_, -set;

B)ifk =n—-2,n+ 3,and dim X < k, then X is a strong Z,_;_, -set;

@) ifk <n-3,n+ 4,dim X < k,and X is a Z,-set, then X is a strong Z,__,
set;

(5) if (n,k) # (3,1), (4,0) or (4,1), and X is a Z,_;_, -set, then X is a strong
Z, - -set.
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The proof is by means of three lemmas.

Lemma 3.2. If in Proposition 3.1, the term “strong Z,_,_, -set” is everywhere
replaced by ‘‘strong Z,",‘_ k_2-Set”, then a true proposition results.

Proof. If k = —1, then X = J and the lemma is trivial. Assume k > 0. For
(1), take arbitrarily small polyhedral neighborhoods of X, push X off the dual
(n — k — 1)-skeleton and then towards the k-skeleton: this implies dim X < k.
(2) is obvious. (3) is an easy application of the Bing-Kister homeomorphism
extension theorem for (1-dimensional) polyhedra in the trivial range [6] when
n > 4; (3) follows from the classical Schoenflies theorem when n = 2. (4) follows
from theorems of Bryant [9], [10], Stan’ko [29], and McMillan [24]: precisely how
it follows is set out in the proof of Theorem 2.2 of [15]. In connection with (4),
note that when X is compact and dim X < n, then X is a Z;-set if and only if
E" — X is uniformly locally simply connected (1-ULC). (5) reduces to (4) if
k < n—3 (see Theorem 2.3 of [15]);(5) reduces to (3) if k =n—2; (5) is
obviousif k = n— 1.

Lemma 33. If X is a strong Z} ,_, -set and h is a homeomorphism of E", then
h(X) is also a strong Z}}_, -set.

Proof. This follows from 3.2 except for three special cases: if (n,k) = (4,0) or
(4, 1), it follows from Theorem 1.1 of [17]; if (n,k) = (3,1), it follows immedi-
ately from the three-dimensional “hauptvermutung”, see for example Theorem 2
of [5].

Lemma 3.4. Let X be a subset of E". Then X is a strong Z,_,_, -set if and only if
it is a strong Z)¥ _, -set.

Proof. On pp. 251-252 of [29], Stan’ko gives a simple geometrical proof which
depends only on Lemma 3.3 above. When X is compact, Stan’ko’s terminology
is related to ours as follows: X is a strong Z,_,_,-set if and only if Dem X < k;
X is a strong Z} ,_,-set if and only if dem X < k.

Proof of Proposition 3.1. Combine 3.2 and 3.4.

Note. Proposition 3.1(3) is false when n = 3. Counterexamples have been given
by Bothe [8] and McMillan-Row [25].

Corollary 3.5. The family Ok satisfies Axiom 2.

Proof. Combine 3.3 and 3.4.
Our next goal is to show that Ok satisfies Axiom 3 whenever n > 2k + 1
(Lemma 3.8).

Lemma 3.6. The finite union of strong Z,_,_, -sets in E" is a strong Z,_,_, -set.

Proof. We need only consider the union of two strong Z,_,_,-sets. Let X and
Y be strong Z, , »-sets in E", let U be an open subset of E" containing
(X U Y) N P, where P is a compact subpolyhedron of E” having dimension
< n—-k—1,andlete > 0. Let G, be an ¢/2-isotopy of E”, fixed outside U, such



152 ROSS GEOGHEGAN AND R. R. SUMMERHILL

that G, = 1and G,(X) N P = &. Let 0 < & < min{e/2,d(G,(X), P)}. By 3.5,
G,(Y) is a strong Z, ,_,-set in E" and G,(Y) N P C U. Hence there is a 8-
isotopy F, of E", fixed outside U, such that , = 1 and F(G, (Y) N P)= . Set
H,= FG,andnotethat H(X U Y) N P = Q.

Lemma 3.7. A closed subset of a strong Z,_;_, -set in E" is a strong Z,_,_, -set.

Proof. Let X’ be a closed subset of a strong Z,_,_,-set X and let P be a compact
subpolyhedron of E” having dimension < n — k — 1. If U is an open subset of
E" containing P N X', there is a compact subpolyhedron P’ of P such that
P N X’ C P’ C U. Then an isotopy which pushes X off P’ while fixing E" — U
and moving points a small distance will push P off X" in the desired fashion.

Lemma 3.8. If n > 2k + 1, then O satisfies Axiom 3.

Proof. If kK = —1, then 9% = {J} and the lemma is trivial. Assume k > 0.
By 3.6 and 3.7, we need only prove that a strong Z,_,_,-set X is thin in E".
Moreover, by 2.18, we may assume that X is compact. Let U be open in E"
containing X and let ¢ > 0. We may assume that ¢/4 < d(X,E" — U). Let N be
a compact polyhedral neighborhood of X contained in U and let T be a
triangulation of N such that mesh T < ¢/4. Let T* denote the k-skeleton of T
and T %! the dual (n — k — 1)-skeleton. Since |T*| and |T"*-!| are nonempty
and disjoint, there exist disjoint open sets ¥ and W containing |T*| and |T"*!|,
respectively. Let y < min{e/4,d(X, E" — Int N)}. Since X is a strong Z,_,_,-set
in E" there is a y-push k; of (E", X N |T"*'|) such that b (X) N |T"*1| = &.
But |T%| and |T"*!| are complementary skeleta and hence there is an &/4-push
h, of (E",h (X)) such that hyh (X)) C V. Similarly, since k < n — k — 1, there
is a y-push h; of (E",X N |T*|) such that h3(X) N |T*| = & and an ¢/4-push
hy of (E",hy(X)) such that hyhy(X) C W. Then hyhy(X) N hyh(X) = & and
hence A = h3y'hi'hyhy is a homeomorphism of E” fixing E" — U such that
h(X) N X = Fand d(x, h(x)) < e for each x € U. By Lemma 2.19, X is thin in
E"

Lemma 3.9. If X is a closed subset of E" which is the countable union of strong
Z, > -sets, then X is a strong Z,_;_, -set in E".

Proof. Write X = U2, X; where each X; is a strong Z,_,_,-set and let P be a
compact (n — k — 1)-dimensional subpolyhedron of E”". Push X; off P, then
(using 3.5) push X, off P keeping X; away from P, and so on. If the pushes are
chosen small enough, their limit will be a homeomorphism as required. The
details are similar to those in the proof of Lemma 2.11.

Our next lemma will be needed in part B. Let N**~! be the set of all points
(x5 .. .,x,) in E" for which at least k + 1 of the coordinates x, are rational. Then
N™*1is the countable union of (» — k — 1)-dimensional planes in E".

Lemma 3.10. Let X be a strong Z,_,_, -set in E", let U be an open subset of E",
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and let ¢ > 0. Then there is a homeomorphism h of E" fixing E" — U such that
K(X) N UN N = & and dix,h(x)) < € for each x € X.

Proof. Write N**~1 N U as the countable union of compact (n — k — 1)-
dimensional subpolyhedra P, of E” and push X off each successive P. Again, the
details are similar to those in the proof of 2.11.

B. Construction of the pseudo-boundary. 1t will be convenient in part B to use a
cell complex structure on euclidean space, instead of the usual PL triangulations.
We will fix this structure throughout part B and define all homeomorphisms in
terms of the cells. For any integer i > 1, let J; denote the (infinite) cell complex
in E" whose n-cells have the form

hoh+1 L oh+1 I L+1
[3—'-1 = ] X [3,—31—23.-—1] X oo X [F’—y—l ]

where [, ..., ], are integers, and whose faces are described in the obvious
fashion. By a complex K in J; we mean a collection of cells of J; such thatif 6 € K
and 7 is a face of o, then * € K. A subcomplex L of a complex K in J; is a subset
of K which is a complex in J;. If L is a subcomplex of K in J;, we let
9L, K) be the collection of all 0 €K such that there exist TEK and yEL with
o and vy facesof 7, i.e., ML, K) consist of all cellsin K which meet L, together
with their faces. |K| denotes the union of all cells in K,

If K is a complex in Jj, let sd K denote the collection of all cells in J;,; which
lie in a cell of K. Clearly sd K is a complex in J;,, and [sd K| = |K].

Lemma 3.11. If K is a complex in J,, then |9U(sd K,J;,,)| is a regular neighborhood
of |K| in the usual PL sense and hence is an n-manifold with boundary in E".

Proof. Note that the cells of J;,, are obtained from those of J; by dividing all
edges into thirds. The lemma can therefore be proved by combining three results
from [20], namely 1.4, 2.6 and 2.11(1).

If K is a cell complex in J;, let K* denote the k-skeleton of K, i.e., the collection
of all cells having dimension < k.

For each integer j > 1, let K; = 9(sd J*,J;,,) and then set B,(9M%)
= ;2| K;| for each integer i > 1. Since B;(9M%) = |K;| N B,,,(IM%), we have
B,(k) C B;y (k). We call BOUK) = U2, B,(Mk) the universal k-dimensional
pseudo-boundary in E".

Theorem 3.12. B(91X) is a pseudo-boundary for Ok in E™.

The proof of this theorem will take up the remainder of part B. Since each | K|
is a regular neighborhood of a k-dimensional polyhedron, a simple general
position argument implies that B,(91X) is a strong Z,_,_,-set in E”, So it remains
to show that B(91%) has the absorption property. Lemmas 2.17 and 2.21 reduce
the problem to the following:

Theorem 3.12". Let X be a compact strong Z,_,_, -set in E", let U be an open
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subset of E" with compact closure, and let ¢ > 0. Then there is a homeomorphism
h: E" — E" fixing E" — U such that (X N U) C B(9Mk) and d(x, h(x)) < e for
each x € U.

We have already mentioned that the space B, (9%) was first defined by Menger
in [26]). He asserted, and Lefschetz subsequently proved in [23], that when
n = 2k + 1, any compactum of dimension < k can be embedded in B, (91%). In
[7], Bothe improved this greatly. Letting N**~! be as in our Lemma 3.10, and
simply assuming k < n, Bothe proved that if X is a compact subset of
E" — N* %=1 then there is a homeomorphism 4 of E" such that (X ) C B,(9%).
Together with Lemma 3.10, this implies that compact strong Z,_,_,-sets in E” can
be moved into B, (M%) by ambient homeomorphisms. The relevance of this to
Theorem 3.12" is obvious. The basic idea of using the homeomorphism ¢f
(defined below) on each real factor of E" is of course Bothe’s. Our aim in what
follows is to set up enough of his apparatus to prove Theorem 3.12'.

We remark in passing that Stan’ko in [30] has proved that if X is a compact
subset of E” and dim X < n — 3, then there is another copy X’ of X in E” such
that E” — X’ is 1-ULC. This fact, together with Proposition 3.1 and the above
remarks, implies that every k-dimensional compact subset of E” can be embed-
ded in B,(91k). This in brief is Stan’ko’s solution to a famous problem posed by
Menger (see [21, Remark, p. 65]).

Let E” carry the “maximum metric” d(x,y) = max{|x; — y;|[l < i < n}. Let

N**1 = {x € E"| at least k + 1 of the coordinates x, of x are rational}.
Let
L% = {x € E"| atleast k + 1 of the coordinates x, have the form

(2. + 3)/377! for some integer }.
Then Lj*' C N"*1for each j > 1. Note that
|J¥| = {x € E" | at least n — k of the coordinates x, have the form
1/377! for some integer /,}.
We now state and prove several technical lemmas which will be useful later.

Lemma 3.13. 4 point x lies in |K;| if and only if for at least (n — k) coordinates
xp 1/3 < x, < (I, + 1)/3/ where I, is an integer and 3 divides either [, or I, + 1.

Proof. | K;| is the union of all n-cells of J;,; which meet a k-dimensional plane
of |J*|. A k-plane of J; has the form {x € E"| for a subset B of {1,...,n}
consisting of n — k integers, x, = I;/3/7! for each r € B and x, is arbitrary for
r & B} and an n-cell of J,; has the form [, [/,/3/7}, (, + 1)/3~].These can
intersect if and only if either /, or /, + 1 is equal to 3/, for each r € B.
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Lemma 3.14. Let ¢ > 0, let j > 1 be an integer, and let x € E". Then
d(x, Lj7*"1) > ¢/3/7' if and only if for at least n—k coordinates x, |x,
= (I, +1)/37°Y| > ¢/377! for some integer I

Proof. By contradiction.

For each ¢ € (0,1/6] and each integer j > 1, define ¢f: R — R to be the PL
homeomorphism such that for all integers /,

(1) ¢} fixes {/3/~-V and (I + 5)/3/71;

Qg +31—¢/37") =U+1)/37

(3) g2 + 1 + /371 = (1 + §)/35;

(4) g is linear on the intervals formed by the partition {//3/~!,(I + § = ¢)/3/-1}
of R.

If ¢ is a rational number, then ¢f(Q) = Q, where Q denotes the set of rational
numbers. Now let i > 1 be an integer and let y = {g;};>; be a sequence of real

numbers in (0, 1/6]. Define §;*: R — R by ¢/ = ¢ * - - ¢} for each j > i.

Lemma 3.15. For any integer i > 1, " = limy_,q, ;>;Y}" is @ homeomorphism of
R, and for each integer I, Y* leaves the interval [I/3',(I + 1)/3"!] invariant.

Proof. Routine. See p. 212 of [7].

Identifying E" with the n-fold product R” we have the following homeomor-
phisms of E™: @ = @f X -+ X ¢f, ¥ = 7 X+« XY}, and ¥ = §ir X ...
X ¢/, Observe that ¥* = lim;, ;»; ¥/". Note that ¥ leaves each cell in J;
invariant when j < i; in particular ¥*(|K;|) = |K;| when j < i. Note also
d(x, ¥ (x)) < 1/371,

Lemma 3.16. Let ¢ € (0,1/6] and let C denote the set of points x in E" such that
d(x, L) > ¢/3/-\. Then ®5(C) C |K;|.

Proof. Let x € C. Then ®;(x) = (¢j(x1), ..., (x,)). By Lemma 3.14 there

exists 4 C {l,...,n} containing n — k integers such that |x, — (/. + 3y3/}
> ¢/3/7) for each r € A. If x, < (I, + 1 — ¢)/3/7!, then

¢i(x,) € [3,/3, (31, + 1)/3]
andif x, > (I + 1 + €)/3/, then
¢f (x,) € [(31, +2)/37,3(, + 1)/37].

Thus Lemma 3.13 implies that ®;(C) C |K;|.

Proof of Theorem 3.12’. By Lemma 3.10 we may assume X N N**1 n U
= (J. Using Lemma 3.11, there is an increasing sequence of positive integers
iy, i, ... and a sequence of complexes M, in J, such that

(1) mesh J;, = 1/3171 < ¢/6,

(2) each | M, | is a compact n-manifold with boundary in E*,

() IM,| C Int |M, | foreachr > 1, and

@ U= U2, |M,].
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Let X =XnN IM | and let h; = 1. X is compact and misses L'; kK~ 1
so there 1s a rational number e(zl)e(O 1/6] such that d(X, s LT k-1 >
€(;)/3'17!. Then <I>€('1) is a homeomorphism of E" and <I>e(’l)( i) CIKy,|
by Lemma 3.16. Smce €(i,) is rational <I>€('1) Wr-k=1y = nm-k-1_  and
hence there is a rational number e(i; + l) such that d(cpe(il) X)), L;‘l]_"l‘ )
> &(iy + 1)/3% Lemma 3.16 and the fact that K; is a complex in J, +1 imply
@, N O(X,) C |K,| N |K; |- By induction choose rationals &(iy), €y

l) - e(zz l) such that @, %@V ... dH(X, ) C M| K;l. All these ho-
meomorphisms leave IM,-II invariant. Define a homeomorphism A, of E” which
agrees with @, _“2~ ... @) on |M,], is the identity on E" — Int | M, |, and
satisfies d(x, h,(x)) < &/2 for each x € E”"; this can be done because 4,|Bd| M, |
is ambient isotopic to Ipy M, and a small compact boundary collar outside IM,“
can be used to achieve the desued extension. By 3.5, h,(X) is a strong Z,_,_,-set
in E". By applying 3.10 to the open set Int |[M, | — | M, |, we may assume that
h(X) N N1 nUu=g.

Now we continue this procedure using h,(X,) = hy(X) N |M,|. Let (i)
€ (0,1/6] be a rational number such that d(hy(X,),L:*') > &(i,). Then
i2)(hy(X,)) C |K,| and & (R (X;)) C My | Kl By induction choose ration-
als &(i;), ..., &(i; — 1) in (0, 1/6] and a homeomorphism k; of E” which agrees
with @, _ =D ... @D hy on | M, |, is the identity on E” — Int | M, |, and satisfies
d(x,h3(x)) < €/2 for each x € E". Again assume h;(X) N N™*1 N U =g,
We have hy(X,) C M5! K| and Ay(X,) € sl KGl-

Repetition w1ll yield rationals y = {e(;)}]>, C (0,1/6] and homeomorphisms
{h,},>, such that h, agrees with @7V . dJ'(‘r—l)h,_, on |M,_|, h, fixes E"

— Int |M,|, d(x,h,(x)) < /2 for each x € E", ‘and h(X,) C ﬂ;';,'lKjl where
1 < r <s. The limit homeomorphism & = lim;,h; -+ h; exists: in fact, h
agrees with ¥*h_on | M; | (which implies d(x, h(x)) < € if x € U) and h fixes

— U. Since X, C |M,| when s > r and ¥**(|K;|) = |K;| when i, > j we
have h(X,) = ¥rh(X, ) C MigllKl; thus A(X,) C B,(9N%) implying A(X
N U) C BOk).

Note. Lemma 3.9 implies that the maximal family St generated by Ok is
simply Ok,

C. Negligibility results. Now we apply §2 to the present situation.

Let P(91k) = E" — B(9k). 2.8, 3.5 and 3.12 yield

Theorem 3.17. Let X be the countable union of strong Z,_,_, -sets in E". Then
P(OMk) N X is strongly negligible in P(ON%).

Theorem 3.18. Let X be a subset of P(91X) and suppose that either
MDn<2k+1,o0r
@)k > 2and dim X < k.
If X is an E, in E", then X is strongly negligible in P(O%). In particular, if X is a
o-compact subset of P(Ok), then X is strongly negligible in P(9%).

Proof. Suppose X is a closed subset of E” lying in P(9N%). If n < 2k + 1, then



PSEUDO-BOUNDARIES AND PSEUDO-INTERIORS 157

any compact subpolyhedron of E”" having dimension < n— k — 1 < k can be
absorbed into B(9M¥) and hence can be pushed off X. If kK > 2 and dim X’ < k,
then Proposition 3.1 can be used (absorb a singular 2-disk into B(91X) in the case
k < n — 3) to show that X’ is a strong Z,_,_,-set. In either case, X’ € 9k and
the theorem follows from 3.17.

A simple special argument also gives Theorem 3.18 for the casen = 2, k = 0.

Lemma 3.19. Let U be an open subset of E". Then U is nonempty and (n — k — 2)-
connected if and only if U N P(ML) is nonempty and (n — k — 2) -connected.

Proof. If U is (n — k — 2)-connected and 9y is a singular (n — k — 2)-sphere
in U N P(912), let 3y bound a singular (n — k — 1)-ball y in U. By Lemma 4.2
of [20], we may assume that y — dy is “polyhedral” and hence may write y — 9y
as the countable union of compact (n — k — 1)-dimensional subpolyhedra of E".
But B(91k) is the countable union of strong Z,_,_,-sets in E” and therefore y can
be pushed off B(91k) fixing dy and E" — U (see the proofs of 2.11, 3.9, and 3.10).
This proves that U N P(M%) is (n — k — 2)-connected.

If UN PONk)is (n — k — 2)-connected and dy is a PL singular (n — k — 2)-
sphere in U, then 9y can be pushed off B(9X) into U N P(OL). In U N P(ONL),
9y bounds a singular (n — k — 1)-ball.

Theorem 3.18 gives conditions under which e-compact subsets of P(9M%) are
negligible: since this statement is independent of E”, we might call it an intrinsic
negligibility theorem for P(9M%). We now state our best intrinsic negligibility
theorem for P(9MX) (compare Theorems 0 and I of [1]).

Theorem 3.20. Assume (n,k) # (3,1), (4,0) or (4,1).

(1) A closed subset of P(IX) is strongly negligible in P(O%%) if and only if it is a
Z, k2 -set in P(NK).

(2) A subset of P(9Nk) is strongly negligible in P(ONX) if and only if it is the
countable union of Z,_;_, -sets in P(ONk).

Proof. We prove (2); the proof of (1) is similar. Let X be strongly negligible in
P(9mk). Then, since P(IMX) — X is topologically complete (a G5 in P(ONk)), X is
an F-subset. Let X = U2, X; where each X; is closed in P(91%). We will show
that each X; is a Z,_;_,-set in P(9M}). Let U be a nonempty open (n — k — 1)-
connected subset of P(9M%). Clearly U — X; is nonempty. Let y be a singular ball
in U of dimension < n— k — 1 such that 3y N X; = &. Let ¥ be open in
P(9nk) such that 3y N ¥ = @ and y N X; C V. Since X is strongly negligible,
there is a homeomorphism h of P(Mk) fixing P(IMk) — V such that A(V)
= V¥V — X C V — X, Then h(y) is a singular ball in U — X bounded by 9y and
hence U — X; is (n — k — 2)-connected.

Conversely, let X = U2, X; where each X; is a Z,_;_,-set in P(91X). Let X be
the closure of X; in E”. By 3.1(5) and 3.17, it is enough to show that each X’ is a
Z, y—-set in E". Let U be open in E". If U is nonempty and (n — k — 2)-
connected, then U N P(9M%) is nonempty and (n — k — 2)-connected by 3.19.
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But then (U N P(ON%)) — X, = (U — X;) N P(91%) is nonempty and (n — k
— 2)-connected and hence so is U — X, again by 3.19.
We now turn to the pseudo-boundary. 2.13, 3.5, 3.8 and 3.12 yield

Theorem 3.21. Let n > 2k + 1 and let X be a strong Z,_,_, -set in E". Then
X N B(9Nk) is strongly negligible in B(OM).

By 2.16, we have

Theorem 3.22. Let n=2k + 1. If X isaclosed subset of E" lyingin B(Ok)
then X is strongly negligible in B(OWX). In particular, any compact subset of B(9NX) is
strongly negligible in B().

Lemma 3.23. If n < 2k + 1 and U is open in E", then U is nonempty and
(n — k — 2) -connected if and only if U N B(9k) is nonempty and (n — k — 2) -
connected.

Proof. If U is (n — k — 2)-connected and 0y is a singular (n — k — 2)-sphere
in U N B(91X), let 3y bound a singular (n — k — 1)-ball yin U. Since n — k — 1
< k, we may assume that y is a strong Z,_,_,-set in E” (use Lemma 4.2 of [20]
to make y — 9y “polyhedral” and then use 3.9 and general position). But now y
can be absorbed into U N B(9MX) keeping 0y fixed and hence U N B(IMk)
is (n — k — 2)-connected.

Suppose now that U N B(9NX) is (n — k — 2)-connected and let 9y be a PL
singular (n — k — 2)-sphere in U. Then 9y is a strong Z, ,_,-set and hence can
be absorbed into U N B(9Mk). But then dy bounds a singular (n — k — 1)-ball y
in U N B(9X) and hence in U.

Again, we would like an intrinsic negligibility theorem for B(91%). We only
know how to characterize the strongly negligible closed sets in B(9%,,,), k # 1.

Theorem 3.24. A closed subset of B(OM%...), k # 1, is strongly negligible in
B(Onk, ) if and only if it is a Z;_, -set in B(Mk ., ).

Proof. If X is strongly negligible in B(91%,,,), and U is open in B(IM%, ,,), then
U and U — X are homeomorphic. Conversely, let X be a Z,_;-set in B(9%,,,)
and let X’ be the closure of X in E”. By 3.1(5) and 3.21, it is enough to show that
X' is a Z,_;-set in E%**1, Let U be open in E". If U is nonempty and (k — 1)-
connected, then B(OM%,,) N U is nonempty and (k — 1)-connected by 3.23.
Then (U N B(O%,,)) — X = (U — X’) N B(Mk,,) is nonempty and (k — 1)-
connected, and hence so is U — X", again by 3.23.

Proof of Theorem 1.1. Set B = B(91X) and P**-! = P(9M¥).

Proof of Theorem 1.2. We need only show that any k-dimensional compactum
X can be embedded in P(9M%,.,,). To prove this, embed X into E%**! as a strong
Z,_;-set (see 3.6 of [15]) and then, using 2.11 and 3.8, push X off B(M%,) .

4. The polyhedral pseudo-boundaries in E”, n # 4. There is a k-dimensional
polyhedral pseudo-boundary in E*, n # 4, for each integer k, —1 < k < n. Itis
easier to define and easier to picture than the universal pseudo-boundary, but in
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order to establish its properties we must appeal to one deep theorem: the
“hauptvermutung” for E” now known for all n # 4 ([27), [5], [22)).

In part A we define the family 9 of tame polyhedra and verify the axioms. In
part B we set up the pseudo-boundary. In part C we apply §2 to obtain
negligibility theorems. The section ends with formal proofs of Theorems 1.3, 1.4
and 1.5: the last two seem to require a codimension 3 taming theorem.

There is a provocative relationship with the infinite-dimensional case. The
usual pseudo-boundary of the Hilbert cube I¢ is itself the countable union of
copies of I“; in other words, it is the countable union of universal compacta in
I°. Compare with the k-dimensional pseudo-boundary B(On%) defined in §3
which is the countable union of universal k-dimensional compacta in E". There
is also a smaller pseudo-boundary in /¢, defined by Anderson in [2]. This one is
the countable union of finite-dimensional cubes. Compare with the polyhedral k-
dimensional pseudo-boundary B(%¥) to be defined in this section. So far a good
analogy.

But more is known about the infinite-dimensional case. While the two pseudo-
boundaries in I are not equivalent (in one case take S to be the family of all Z-
sets and in the other, take S to be the family of all tame polyhedra or the family
of all finite-dimensional Z-sets) the corresponding pseudo-interiors are both
homeomorphic to Hilbert space /, (see [2]). Does the analogy with the finite-di-
mensional case extend this far? Letting P(9M%) = E" — B(9M%) and P(%})
= E" — B(%}) we propose

Conjecture. If n < 2k + 1, then P(9%) and P(9)) are homeomorphic(2).

A. Tame polyhedra. Once again we let k and n be integers, n > 0 and
-1 < k< n A (closed) subset X of E" is a tame polyhedron if there is a
homeomorphism 4 of E” such that A(X) is a subpolyhedron of E". Let 9} denote
the family of all tame k-dimensional polyhedra in E”.

Lemma 4.1. The family 9} satisfies Axioms 1 and 2. If n > 2k + 1, then 9 also
satisfies Axiom 3.

Proof. Axioms 1 and 2 are clearly satisfied. Moreover, Proposition 3.1 implies,
except possibly when (n,k) = (3,1), (4,0), or (4,1), that tame k-dimensional
polyhedra are strong Z,_,_,-sets. If (n,k) = (4,0) or (4, 1), then Theorem 1.1 of
[17] implies that a tame k-dimensional polyhedron is a strong Z,_,_,-set. The
remaining case, (n,k) = (3, 1), is taken care of by [5]. The lemma now follows by
applying 3.6, 3.7 and 3.8.

There is an easily described subset B(%¥) of E” which is a pseudo-boundary
for 9¥(n # 4). In the spirit of part E of §2, we will then be able to define a
maximal family %} containing %, for which B(%¥) is a pseudo-boundary. The
negligibility results then follow for this family 5.

B. The polyhedral pseudo-boundary. Throughout this section let J, be a rectilin-

(2) The conjecture is easily proved when k = 0 and n = 1. The restriction n < 2k + 1 seems
reasonable: the statement is false if K = 0 and n > 2. We thank R.D. Anderson for this observation.
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ear PL triangulation of E” such that all the n-simplexes of Jy have the same
diameter. For each integer i > 1, let J; be the ith barycentric subdivision of Jy
and let J* be the k-skeleton of J. Let B,(3%) = |J*| and B(%¥) = U2, B,(3%).
We call B(®F) the polyhedral k-dimensional pseudo-boundary in E" and our task is
to prove '

Theorem 4.2. If n # 4, B(3}) is a pseudo-boundary for the family % in E".

Since each B;(9}) is a tame k-dimensional polyhedron in E”, we need only
show that absorption holds. The case n = 4 is excluded because we need to know
that any homeomorphism of E” can be approximated by a PL homeomorphism:
this is obvious for n = 1, is due to Rado [27] for n = 2, is due to Moise for
n = 3 (see also Bing’s corollary to Theorem 5 in [5]), is unknown for n = 4, and
is due to Kirby-Siebenmann for n > 5 (see pp. 1-2 of [22]). For reference we
state exactly what we need:

Proposition 4.3. Let M and M be PL manifolds homeomorphic to E", n # 4, let
h: M — M be a homeomorphism, let d be a metric on M, and let e: M — R* be a
map. Then there is a PL homeomorphism h': M — M such that d(h(x),k'(x))
< &(x) for each x € M.

The proof of Theorem 4.2 is contained in the following three lemmas.

Lemma 4.4. Let P be a compact k-dimensional subpolyhedron of E", let W be an
open set in E" containing P, and let € be a positive real number. For any integer
i > 1, there exists an integer j > i and a homeomorphism h of E" fixing E" — W
such that (P U By(%¥)) C B;j(9¥) and d(x,h(x)) < & for each x € W.

Proof. Let K be a subcomplex of E” such that |K| = P. Let m be an integer,
m > i, such that mesh J, < min{e,d(|K|,E" — W)}. By Lemma 1.5 of [20],
there is an integer r > 0 and an rth derived subdivision J{? of J, which
subdivides |K|: in fact, the proof of that lemma implies that the derived
subdivision J may be taken to agree with the barycentric subdivision J,,
outside W since mesh J, < d(|K|,E" — W). Let ¢ be the obvious simplicial
isomorphism from J{ onto J,,, and let A = |¢|. Since mesh J, < ¢, d(x, h(x))
< ¢ for each x € E"; h(|K| U |J¥|) C |Jk,| and h fixes E" — W. Hence the
required integer j is m + r and the required homeomorphism is A.

For any open subset U of E" we shall assume that U is endowed with the
natural polyhedral structure from E™ and that a subpolyhedron of U, defined with
respect to this natural structure, is closed in U.

Lemma 4.5. Let U be an open subset of E", let P be a k-dimensional
subpolyhedron of U, and let € be a positive real number. Then there exists a
homeomorphism h of E" such that h(P) C B(9¥), h | E" — U = 1, and d(x, h(x))
< ¢ for each x € U.

Proof. Let W, W,, ... be a star-finite open cover of U and P, P,, ... a
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collection of compact k-dimensional subpolyhedra of E” such that P = U2, B,
P C W, and W; = J. By Lemma 2.20, we may assume that there is a sequence
{n(i)} of positive integers such that the conclusions of Lemma 2.20 hold. By
induction, we shall choose a sequence of integers {j;} and a sequence of
homeomorphisms {#;} of E" such that

() b | E" =W, =1,

@ k(B U B, (8)) C B,(9)), and

(3) d(x,hi(x)) < e/max{n(1),...,n(i)}
for each i > 1. To start the induction, set 4 = 1 and j; = 1. Assume A, ...,
hi_yandj, ..., ji.; have been constructed and simply apply Lemma 4.4 to W, P,
and j_;.

Now by Lemma 2.20, there exists a homeomorphism 4 of E” such that h agrees
with k- -+ b on W, for each k > n(i). h is the desired homeomorphism.

Lemma 4.6. Let X be a compact k-dimensional tame polyhedron in E", n # 4, let
W be an open subset of E" which is homeomorphic to E", and let ¢ be a positive real
number. Then there exists a homeomorphism h of E" such that (X N W) is a
subpolyhedron of W, h | E" — W = 1, and d(x, h(x)) < ¢ for each x € W.

Proof. Let f be a homeomorphism of E” such that f{X) is a subpolyhedron of
E". Then f(X N W) is a subpolyhedron of f{W) where (W) inherits its PL
structure as an open subset of E”. But f{W) has another PL structure imposed on
it by f: namely, the image under f of the PL structure which W inherits from E".
Let (f(W))™ be f{iW) with the latter PL structure.

Let & > 0 be such that d(f~!(x),f~'(y)) < e whenever x,y € f(X) and
d(x,y) < 8, and let &: f(W) — R* be defined by 8(x) = min{d(f'(x), E"
— W),8,} for each x € f(W). Now apply Proposition 4.3 to the identity map
1: f(W) - (f(W))~ to obtain a PL homeomorphism % such that d(k(x), x)
< 8(x) for each x € f(W). The required 4 should agree with f~'Af on W and
should fix E" — W.

Proof of Theorem 4.2. By 2.22 we need only prove that, given a tame k-
dimensional polyhedron X in E”, an open subset U in E", and ¢ > 0, there exists
a homeomorphism h: E" — E" such that (X N U) C B(®k),h |E"-U =1,
and d(x, h(x)) < e for each x € U. Using the fact that U is a PL manifold, we
can choose a countable star-finite open cover U of U each element of which is
homeomorphic to E” and contained in U. Apply Lemma 2.20 to 9 to obtain an
ordering W, W,, ... of % and a sequence of integers {n(i)} satisfying,the
conclusions of Lemma 2.20. By combining Lemmas 4.5 and 4.6, there is a
sequence {h;} of homeomorphisms of E” such that

(1) d(x, h,(x)) < ¢/max{n(1),...,n(i)} for each x € W,

Qh | E"— W, = 1,and

() b (hi(X) 0 W,y) C B(S)
for each i > 1. Then the homeomorphism 4 guaranteed by Lemma 2.21 has the
desired properties.
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C. Negligibility results. As with the universal pseudo-boundary, we merely
collect the negligibility results of §2 and apply them to the polyhedral pseudo-
boundary. We note here that the maximal family & in this case is not the same
as k. The Artin-Fox arc (see p. 177 of [19]), which is wild in E?, can be absorbed
into B(%/) and the Alexander horned sphere (see p. 176 of [19]), also wild in E3,
can be absorbed into B(%?). Let P(F) = E" — B(9}). 2.8, 2.13, 2.15, 4.1 and
4.2 yield the following two theorems:

Theorem 4.7. Let X be the countable union of closed subsets of elements of 3,
n # 4. Then X N P(9F) is strongly negligible in P(9¥).

Theorem 4.8. Let n > 2k + 1 and let X be the finite union of closed subsets of
elements of %, n # 4. Then X N B(9F) is strongly negligible in B(3k).

By 2.16, we have

Theorem 4.9. Let n > 2k + 1, n # 4. Then any closed subset of E" lying in
B(9¥) is strongly negligible in B(%¥). In particular, any compact subset of B(%F) is
strongly negligible in B(%)).

Proof of Theorem 1.3. Any (n — k — 1)-dimensional subpolyhedron of E” can
be pushed successively off the B;($*) and hence into P(%F) (see the proof of
3.10); this proves (1). Any subset of P(9}) has dimension at most n — k — 1
< k, so (2) holds. (3) follows from 4.9.

Proof of Theorem 1.4. Let X = U2, X; where each X; is a compact topological
polyhedron in P(®F). If k > 2, then each X;is a Z;-set in E" (absorb a 2-ball into
B(9))). By a recent codimension three taming theorem due to several authors
(see for example Theorem 4 of [11] and Theorem 1 of [28]) each X; is tame in E".
If k = 0 then each X; is obviously tame in E". Now apply 4.7.

Proof of Theorem 1.5. (1) follows from 1.4 when k > 2 and is elementary when
k = 0; (2) comes from 1.3(3); and (3) comes from 1.3 and 4.2.

5. Pseudo-boundaries in topological manifolds. In this section we indicate briefly
how the notions introduced in §3 and §4 can be extended to manifolds.

A topological n-manifold is a separable metrizable space each point of which
has a neighborhood homeomorphic to E”. Throughout this section M will denote
a fixed topological n-manifold. A euclidean chart for M is a pair (h, W) where W
is an open subset of M and h: E” — W is a homeomorphism.

A. The universal pseudo-boundaries. Let k and n be integers, =1 < k <n. A
closed subset X of M is a local strong Z,_,_, -set in M if for each point x in X
there exists a euclidean chart (h, W) such that x € W and A'(X) is a strong
Z, i —;-setin E". Using the hauptvermutung for E” (Proposition 4.3) when n # 4
and a dimension argument when n = 4 it is easy to show that a closed subset X
of E" is a local strong Z,_;_,-set in E”, (n,k) % (4,0) or (4,1), if and only if it is
a strong Z,_;_,-set in E". This implies

Lemma 5.1. Let (n,k) # (4,0) or (4,1). A closed subset X in M is a local strong
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Z,_x— -set in M if and only if for each euclidean chart (h, W) in M, h"1(X) is a
strong Z,__, -set in E",

Let 9% denote the family of all local strong Z,_,_,-sets in M.

Lemma 5.2. 9%, satisfies Axioms 1 and 2. If n > 2k + 1 and (n,k) # (4,0) or
(4, 1), then 9%, also satisfies Axiom 3.

Proof. Axioms 1 and 2 are clearly satisfied. To prove Axiom 3, let X be a finite
union of closed subsets of elements of 9M%,. By 3.6, 3.7, and 5.1, A71(X) is a
strong Z,_,_,-set in E” for any euclidean chart (h, W). Using charts to cover X,
we can push X off itself inside each of these charts and then use an argument
similar to the proof of 2.11 to show that X is thin in M.

We now construct a pseudo-boundary for 9% in M. Let {(k;, W)} be a
countable collection of charts of M such that {W} covers M. Let B(On%)
= UZ,h(B(91k)). We shall show that B(91%,) is a pseudo-boundary and hence,
by Theorem 2.5, that the construction is essentially independent of the particular
charts (h;, W}). Hence we are justified in calling B(9%,) the universal k-dimension-
al pseudo-boundary of M.

Theorem 5.3. If (n,k) # (4,0) or (4,1), then B(9N%,) is a pseudo-boundary for
Mk in M.

Proof. It is clear that B(9),) is the countable union of elements of 9M%,. To
prove absorption, let U be open in M, let ¢ > 0, and let X € 9n%. Then
{W; N U} is a covering of the separable metric space U and hence there is a
sequence of triples {(f;, U;, U;)} where each U/ is open in E"; f; is a homeomor-
phism of U’ onto the open subset U; of U; each f; agrees with some h; where A; is
a homeomorphism in one of the charts (k;, W) used to construct B(9%); and the
collection {U;} covers U and is a star-finite refinement of the cover {W, N U} of
U. Now fix an integer i and consider f;'(X N U;). Then f71(X N U,) can be
absorbed into B(9MX) and hence X N U can be absorbed into B(9M%,) without
moving points outside U, Now since the cover {U;} is a star-finite cover, the
theorem follows from Lemma 2.20. We leave the epsilonics to the reader.

The usual uniqueness and negligibility theorems follow and we leave both their
statements and proofs to the interested reader.

B. The polyhedral pseudo-boundaries. A closed subset X of M is a local tame k-
dimensional polyhedral set in M if for each point x in X, there is a euclidean chart
(h, W) of M such that x € W and h~'(X) is a tame k-dimensional polyhedron
in E". Let 9§ denote the collection of all local tame k-dimensional polyhedral
sets in M. Note: we do not claim that the elements of 9§ are topological
polyhedra.

Lemma 54. 9% satisfies Axioms 1 and 2. If n > 2k + 1 and (n,k) # (4,0) or
(4,1), then % also satisfies Axiom 3.
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Proof. 1 and 2 are trivial. A local tame k-dimensional polyhedral set in M is
obviously a local strong Z,_,_,-set and hence 3 follows from 5.2.

Again let {(h;, W)} be a countable collection of euclidean charts of M such that
{W;} covers M and let B(%)) = U2, h(B(DF)): it is the polyhedral k-dimensional
pseudo-boundary of M. Again, 2.5 implies that it is essentially independent of the
charts {(hi’ W)}‘

Theorem 54. If n #* 4, then B(Y) is a pseudo-boundary for 9 in M.

Proof. Use 2.20 and 4.3. The proof is not quite the same as that of 5.2 since we
do not claim a lemma analogous to 5.1.
Again the uniqueness and negligibility theorems follow.
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